We revisit the mechanisms underlying the process of spectral broadening of incoherent optical waves propagating in nonlinear media on the basis of nonequilibrium thermodynamic considerations. A simple analysis reveals that a prerequisite for the existence of a significant spectral broadening of the waves is that the linear part of the energy (Hamiltonian) has different contributions of opposite signs. It turns out that, at variance with the expected soliton turbulence scenario, an increase of the amount of 'disorder' (incoherence) in the system does not require the generation of a coherent soliton structure. We illustrate the idea by considering the propagation of two wave-components in an optical fiber with opposite dispersion coefficients. A wave turbulence approach of the problem reveals that the increase of kinetic energy in one component is offset by the negative reduction in the other component, so that the waves exhibit, as a general rule, a virtually unlimited spectral broadening. More precisely, a self-similar solution of the kinetic equations reveals that the spectra of the incoherent waves tend to relax toward a homogeneous distribution in the wake of a front that propagates in frequency space with a decelerating velocity. We discuss this catastrophic process of spectral broadening in the light of different important phenomena, in particular supercontinuum generation, soliton turbulence, wave condensation, and the runaway motion of mechanical systems composed of positive and negative masses.
I. INTRODUCTION
Nonlinear and nonintegrable waves tend to evolve towards an increasingly disordered state just as many other common dynamical systems do: They thermalize, that is they irreversibly approach a state of equilibrium associated to the maximally achievable entropy. It may appear to be counterintuitive that the same mechanism, the increase of disorder or entropy, is responsible for a seemingly opposite phenomenon, namely the formation of large-scale coherent structures. One can distinguish two basic types of self-organization in waves depending on the nonlinearity and dispersion: For the generic nonlinear Schrödinger (NLS) equation with a defocusing nonlinearity, the large scale coherent structure refers to a homogeneous (plane-)wave, and the self-organization process is known as 'wave condensation' [1] [2] [3] [4] [5] [6] [7] [8] [9] . This phenomenon is driven by the irreversible process of thermalization toward the Rayleigh-Jeans equilibrium spectrum, which exhibits a divergence for the fundamental mode [3, 5] , in analogy with Bose-Einstein condensation in dilute quantum gases [9] [10] [11] [12] . On the other hand, in the presence of a focusing nonlinearity the coherent structure refers to a soliton (solitary wave), and the corresponding self-organization process was originally termed 'soliton turbulence' [9, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . The soliton turbulence scenario starts from a homogeneous initial condition, then the modulational instability leads to the generation of a train of solitons, which eventually coalesce into a single 'big soliton'. In this way the non-integrable system irreversibly relaxes toward an equilibrium state, in which a large scale coherent soliton remains immersed in the midst of small-scale random waves [9, [15] [16] [17] [18] [19] 21] .
It is important to underline that both self-organization processes of wave condensation and soliton turbulence have in essence a thermodynamic origin, in the sense that an increase of disorder (entropy) requires the formation of a large scale coherent structure. In other words, it is thermodynamically advantageous for the system to generate a large scale coherent structure (homogeneous wave or soliton), because this allows the system to increase the amount of disorder in the form of small-scale thermalized fluctuations [3, 4, 9, [13] [14] [15] [16] [17] [18] 22] . Notice that this type of conservative self-organization process is of fundamental different nature than different forms of condensation effects recently discussed in dissipative cavity systems [7, [23] [24] [25] [26] [27] [28] [29] .
It is interesting to discuss this phenomenological behavior of 'entropy growth' within a different context, namely the process of supercontinuum (SC) generation that undergo optical waves propagating in highly nonlinear materials [30] [31] [32] [33] . SC generation has been the subject of a significant interest, especially since the advent of photonic crystal fibers. The high nonlinearity of photonic crystal fibers and the ability to readily engineer their dispersion characteristics offer unique opportunities for the experimental study of incoherent optical waves over large nonlinear propagation lengths. SC generation is characterized by a dramatic spectral broadening of the optical wave that usually propagates nearby a zero-dispersion wavelength of a photonic crystal fiber. The coherence properties of the SC have been widely studied in different propagation regimes [30, 32, 33, 36, 37] . From the point of view of nonequilibrium thermodynamics, the spectral broadening of incoherent waves can be interpreted as an increase of the amount of 'disorder' (incoherence) carried by the optical waves [22] . More precisely, it has been shown that spectral broadening through SC generation can be described in certain specific regimes as a consequence of the natural thermalization of the optical wave toward the 'most disordered' Rayleigh-Jeans equilibrium distribution [38] [39] [40] . It is important to underline that such a nonequilibrium kinetic description has been carried out in the 'incoherent regime of SC generation'. In this regime, the optical wave exhibits a highly incoherent dynamics characterized by very rapid fluctuations that prevent coherent nonlinear effects to take place, such as soliton fission and dispersive wave emission [21, 30-33, 41, 42, 44] , or optical wave breaking [34, 35, 43, 44] . Then at variance with conventional SC regimes, the incoherent regime of SC prevents the generation of robust and persistent coherent soliton states. This indicates that the process of spectral broadening of incoherent SC generation does not enter the general class of self-organization processes discussed above, since the generation of broadband disordered waves through incoherent SC does not require the generation of a large scale coherent structure.
In this article we revisit this problem on the basis of simple nonequilibrium thermodynamic considerations inherited from the wave turbulence (WT) theory. We show that a prerequisite for the existence of a significant spectral broadening of the waves is that the linear part of the energy (Hamiltonian) has different contributions of opposite signs: Contrary to the self-organization processes discussed above through wave condensation and soliton turbulence, here, an increase of disorder (entropy) in the system does not require the generation of a coherent (soliton) structure. We illustrate this fact by considering the ideal example of two waves that evolve with opposite dispersion coefficients, i.e., the waves propagate in the normal and anomalous dispersion regimes, respectively. We show that this system exhibits, as a rule, a phenomenon of virtually unlimited spectral broadening of the waves, in which the increase of kinetic energy in one component is exactly compensated by an opposite reduction of energy in the other component. At variance with the expected soliton turbulence scenario, this 'catastrophic' process of spectral broadening occurs unconditionally, even by considering fully coherent initial states of the waves. The coherence degradation process is described in detail by nonequilibrium self-similar solutions of the wave turbulence kinetic equations. The analysis indicates that the spectra tend to evolve toward a homogeneous distribution in the wake of a front that propagates in frequency space with a velocity that decreases algebraically during the propagation. From a broader perspective, this work sheds new light on the originating mechanisms of spectral broadening of incoherent waves, and the inhibition of fundamental processes of self-organization such as soliton turbulence and wave condensation.
II. VNLS MODEL
We consider a system of two coupled NLS equations, which is known as a generic model for the description of vector phenomena in optics [45] , plasma [46] , hydrodynamics [47] or Bose-Einstein condensates [48] :
where u(t, z) and v(t, z) denote the amplitudes of the interacting waves. As usual in optics, the distance z of propagation in the nonlinear medium plays the role of an evolution 'time' variable, while t denotes the retarded time in a reference frame moving with the waves. For convenience, we have written the vector NLS (VNLS) equation in dimensionless form, that is to say, we have normalized the problem with respect to the nonlinear length, L nl = 1/(γN ), and the 'healing' time,
where γ is the nonlinear coefficient, β u , resp. β v , the dispersion coefficient of u, resp. v, and N is the total power of the waves. In these units, κ denotes the ratio between the cross-and self-interaction coefficients and η = β v /β u . In the numerical simulations we consider periodic boundary conditions over the numerical temporal window [0, T 0 ]. The dispersion relations of the waves read k u (ω) = ω 2 , k v (ω) = ηω 2 . The VNLS equation conserves three important quantities: the partial powers
with ϕ = u, v, and the Hamiltonian, H = E + U , which has a linear contribution E = E u + E v :
and a nonlinear contribution U = U u + U v + U int , which can be decomposed into the self-interaction energies
with ϕ = u, v, and the cross-interaction contribution
Of course the total power N = N u + N v is preserved as well, and N = 1 within our normalization. Equations (1-2) are integrable for η = κ = 1 (or η = κ = −1) [49] . Because of the infinite number of conserved quantities, integrable systems of random waves exhibit a fundamental different behavior which is the subject of a growing interest [50] [51] [52] [53] [54] [55] [56] [57] . In the following we consider the nonintegrable case.
III. UNCONSTRAINED SPECTRAL BROADENING A. Preliminary qualitative considerations
Before entering into a detailed study of the VNLS model, it is instructive to discuss at a purely qualitative level the thermalization of waves whose energy is not positive or negative definite -as it is the case for the linear energy (4) if η < 0. To be concrete, we illustrate our purpose by referring back to the examples discussed in the introduction, namely wave condensation, soliton turbulence and supercontinuum generation. In its basic form, wave condensation can be studied with the defocusing 2D (or 3D) NLS equation, so that both linear and nonlinear contributions to the Hamiltonian can be chosen positive definite, e.g., H = E + U , with E > 0 and U > 0 [2, 3] . Recalling that the kinetic contribution to the energy provides a measure of the spectral width of the random waves (E denotes in substance the second order moment of the spectrum), we see that an increase of E during the propagation necessarily requires a reduction of U , since their sum H must be conserved. Because the formation of a homogeneous plane-wave minimizes U (keeping constant the power N ), it becomes apparent that a spectral broadening of the field (i.e., an increase of 'disorder'), requires the generation of a plane-wave condensate. We remark that in this thermalization process, the spectral broadening is limited by the positive definite Hamiltonian H > 0, so that the increase of kinetic energy is constrained by the reduction of nonlinear energy, ∆E ∼ |∆U |. Note that this reasoning based on wave condensation can easily be transposed to the focusing regime, where it is now the soliton that realizes the minimum of the Hamiltonian: By generating a soliton the system can increase the amount of disorder (kinetic energy) in the form of small scale fluctuations.
The situation is very different in the case of the incoherent regime of SC generation. We consider the case where the spectrum of the optical wave is close to a zerodispersion wavelength of the (photonic crystal) optical fiber [30] [31] [32] [33] . The NLS model describing light propagation in the fiber then involves higher-order dispersion effects, so that the corresponding linear energy has multiple higher-order contributions E = E 2 + E 3 + ..., where (the modulus of) E 2 refers to the usual second-order dispersion contribution denoting the spectral width of the wave. This simple observation reveals that, owing to the undetermined signs of higher-order dispersion effects, the energy E is no longer bounded (i.e., positive or negative definite). Accordingly, the incoherent wave can exhibit a dramatic spectral broadening, since large values of E 2 can be offset by a correspondingly large and opposite contribution of E 3 , without any substantial variation of the nonlinear energy, U ∼ const. It turns out that, at variance with wave condensation, here the increase (variation) of kinetic energy is no longer constrained by the reduction of nonlinear energy, i.e. we can have |∆E| ≫ |∆U |. Note that the situation is different for supercontinua generated solely by highly nonlinear effects such as soliton fission or optical wave breaking, which can be described in first approximation by the integrable NLS equation (the spectrum is not necessarily close to a zero-dispersion wavelength), see e.g. [34, 41, 44] . In this case the linear kinetic energy is limited to the pure second-order contribution E = E 2 , so that the increase (variation) of kinetic energy is necessarily constrained by the reduction of nonlinear energy, |∆E| ∼ |∆U |, as discussed above for wave condensation (or soliton turbulence).
In the following we discuss the effect of unconstrained spectral broadening of incoherent waves with the ideal example provided by the VNLS model (1) (2) . This model is particularly interesting in that it captures the very nature of the mechanism that underlies spectral broadening, as revealed by the fact that the spectral broadening process is 'catastrophic', in the sense that it occurs unconditionally and it is virtually unlimited.
B. VNLS simulations
We start to consider numerical simulations realized in the so-called weakly nonlinear regime of propagation, i.e., the highly incoherent regime where the strong randomness of the waves makes linear dispersive effects dominant with respect to nonlinear effects,
Note that the strongly nonlinear regime will be discussed later in section VI, in relation with the role of coherent soliton structures.
We assume that the initial incoherent waves have the same power (N u = N v ) and a Gaussian spectrum with independent random spectral phases, i.e., they obey a Gaussian statistics and the fluctuations are statistically stationary (homogeneous) in time. The evolution of the system has already been discussed in the usual case where η > 0: In the weakly nonlinear regime the two incoherent waves slowly tend to relax toward the expected thermodynamic Rayleigh-Jeans equilibrium distribution, see e.g. Ref. [60] . In marked contrast with this thermalization process, the simulations with η < 0 reveal a completely different scenario. This is illustrated in Figs. 1-2, which report the evolutions of the spectra of the waves during the propagation. The simulations show that both waves exhibit a dramatic spectral broadening, as revealed by the fact that each of the kinetic energies is increased by a factor ∼ 10. Clearly, this effect is possible thanks to the opposite dispersion coefficients, so that the increase in the kinetic energy of the u−component (E u > 0) is compensated by the opposite reduction of kinetic energy in the v−component (E v < 0). More specifically, it is interesting to note that the total kinetic energy is itself almost conserved E = E u + E v ≃ const, and then the nonlinear contribution as well, U ≃ const, as reported in Fig. 3 . We note in particular that the variations of the kinetic energies are much larger than the nonlinear energy, |∆E ϕ | ≫ U , a feature which is not possible if all energy contributions were positive (or negative) defined. It turns out that, at variance with the soliton turbulence scenario, an increase of the kinetic energies does not require the generation of coherent soliton states, as revealed by the analysis of the temporal evolutions of the waves (u, v). More specifically, we checked that the random waves preserve Gaussian statistics throughout the evolution of the system. This has been confirmed by considering the evolution of the kurtosis, which is a parameter that measures the deviation from Gaussian statistics, K ϕ (z) = |ϕ| 4 /(2 |ϕ| 2 2 ) − 1, with ϕ = u, v. The computation of the kurtosis for the simulation reported in Fig. 1-2 reveals that the variations of K ϕ (z) during the propagation remain very small, typically smaller than 10 −3 . We have also checked in Fig. 3 that, in agreement with Gaussian statistics, we have U ϕ ≃ N 2 ϕ = 1/4 and U int ≃ κN u N v = 1/8. Finally note that the role of coherent soliton effects will be discussed later by considering an initial coherent state of the waves, see section VI. 
IV. WAVE TURBULENCE APPROACH

A. Kinetic equations
The process of dramatic spectral broadening reported above through VNLS simulations can be described in detail by the WT theory, which is the standard mathematical tool to study the dynamics of weakly nonlinear random waves [9, 18, 58, 59 ]. This kinetic approach relies on a natural asymptotic closure of the moments equations which is induced by the dispersive properties of the waves. It leads to a kinetic description of the wave interaction that is formally based on irreversible kinetic equations, a feature which is expressed by a H-theorem of entropy growth. More precisely, the wave turbulence theory is based on the assumptions that the waves evolve in the weakly nonlinear regime U/|E ϕ | ≪ 1, and that they exhibit fluctuations that are statistically stationary in time. As usual, we also assume that there are no phase-correlations among the random waves (u, v) [18, 61] . In this way, the theory derives a set of irreversible kinetic equations that govern the evolutions of the averaged spectra of the fields:
Following the wave turbulence procedure, one obtains the following set of coupled kinetic equations [18, 22] :
where
, while R vu and W vu are deduced with the substitutions u ↔ v. The resonant conditions of energy and momentum conservation are expressed by the Dirac δ−functions. Note that the selfinteraction term in the VNLS (1-2) does not contribute to the kinetic equations, because the conservations of energy and momentum are trivially satisfied in one-dimension. Equations (7) (8) conserve the powers ('number of particles') of each component, N ϕ = n ϕ (ω, z)dω, and the linear contribution to the Hamiltonian,
The irreversible character of Eqs.(7-8) is expressed by a H-theorem of entropy growth, dS/dz ≥ 0, where S = ϕ S ϕ , and S ϕ (z) = log n ϕ (ω, z) dω is the nonequilibrium entropy of the ϕ−th component (ϕ = u, v). The thermodynamic equilibrium spectra n RJ ϕ (ω) realizing the maximum of entropy S[n u , n v ], given the constraints of conservation of E and N ϕ , refer to the well-known Rayleigh-Jeans distri-
where T ('temperature'), and µ u,v ('chemical potentials') are the Lagrangian multipliers associated to the conservation of E, N u,v , respectively. We recall that in the usual case where η > 0, the tails of the Rayleigh-Jeans spectra exhibit a power-law behavior ∼ ω −2 that reflects the property of energy equipartition among the modes: For large ω we have
B. Analysis of Rayleigh-Jeans equilibrium with η < 0
It proves convenient for the following discussion to introduce Lagrange multipliers associated to the conservation of E and N u,v that are independent of each other, namely β = 1/T and α u,v = βµ u,v , so that the RayleighJeans distributions read n
. Possible values of β and α u,v follow from the fact that n RJ u,v is non-negative for all ω. We first remark that n RJ u,v (ω = 0) ≥ 0 requires α u,v < 0. In addition, the constraints on the parameters that follow βω 2 − α u > 0 and βηω 2 − α v > 0 depend on the sign of η.
(i) We first discuss the case η > 0, which requires β ≥ 0. The waves u and v relax toward the Lorentzian Rayleigh-Jeans spectrum (9), whose typical spectral bandwidth is given by σ u ≃ √ −µ u , and σ v ≃ −µ v /η. We recall that, as discussed in various circumstances [22] , the Rayleigh-Jeans spectrum is not properly defined. For instance, it is characterized by a divergence of the energy, E u,v = k u,v (ω)n u,v (ω, z)dω, a feature which is known to reflect the ultraviolet catastrophe inherent to ensemble of classical waves. The usual way to regularize such a divergence is to introduce an effective frequency cut-off in the spectrum, i.e., n RJ u,v (ω) = 0 for |ω| > ω c . Note that such a frequency cut-off ω c arises naturally in numerical simulations as a consequence of the temporal discretization (dt) of the VNLS Eqs. (1-2) , i.e., ω c = π/dt. In this way, the power of the v−component
, and a similar expression for N u with the substitutions µ v → µ u , and η → 1.
(ii) Let us now discuss the Rayleigh-Jeans equilibrium in the presence of a negative dispersion coefficient, η < 0. First of all, it is important to notice that n RJ v (ω) ≥ 0 requires β = 0 for an unbounded spectral domain without frequency cut-off (ω c → ∞). At variance with the property of energy equipartition discussed above for η > 0, here the equilibrium with β = 0 corresponds to an equipartition of the power N u,v , i.e., n RJ u,v (ω) = const, with a spectral density of power infinitesimal. The fact that the Lagrange multiplier vanishes (β = 0) means that the system is not constrained by the conservation of the energy E, because it can produce arbitrary positive and negative amounts of this quantity in the u− and v−component, while conserving the total amount of E. Note that a similar effect of 'unconstrained thermalization' was reported in Ref. [61] for weakly dispersive wave systems (with no second-order dispersion effects) -the common property between [61] and the present work being the fact that the Hamiltonian of the system is unbounded. The existence of a homogeneous equilibrium spectrum leads to an ultraviolet catastrophe in both components u and v, which can again be avoided by introducing a cut-off frequency ω c .
In the presence of a frequency cut-off ω c < ∞, the parameter β in the Rayleigh-Jeans distribution no longer need to vanish exactly. Indeed, the constraint that the spectrum must be positive (n RJ
, i.e., most of the power of the v−component accumulates nearby the frequency cut-off ω ω c . Since the frequency cut-off ω c is chosen in an arbitrary way, this result is not satisfactory from the physical point of view. Actually, the subsequent analysis will reveal that the system tends to relax toward a state with −µ u,v ≫ ω 2 c and β ≃ 0, which is characterized by an almost homogeneous (flat) spectrum n u,v (ω) ≃const that exhibits an equipartition of the power.
C. Simulations of the WT kinetic equations
The previous qualitative discussion indicates that for η < 0, the incoherent waves do not exhibit the conventional thermalization process to energy equipartition. Actually, the random waves evolve far away from thermal equilibrium during their propagation. Hence, in the following we resort to the nonequilibrium description of the system provided by the WT kinetic equations.
In order to get further insight into the the kinetic Eqs. (7-8) , we remark that, by exploiting the Dirac δ−functions, they can be reduced to the following form:
with
where the frequencies f and g are expressed in terms of x and ω as follows:
The kinetic Eqs.(10-15) have been solved by numerical integration, starting from the same initial spectrum considered in the VNLS simulations. The results are reported in Figs.1-2 with blue lines. A remarkable quantitative agreement has been obtained with the simulations of the VNLS (1-2), without using adjustable parameters. Note that, in spite of the noisy structure of the VNLS spectra, we can see that they exhibit some global deformations that are reproduced in detail by the simulations of the WT kinetic equations. This shows that the phenomenon of unconstrained spectral broadening can be accurately described by the nonequilibrium kinetic formulation provided by the WT theory.
D. Phase-matching resonances
It is instructive to analyze the resonant phasematching conditions underlying the reduction of the kinetic equations to the form given in Eqs. (10) (11) (12) (13) (14) (15) . The resonant conditions of energy and momentum conservation read:
. For a given set of two frequencies (ω 1 , ω 2 ), their solutions read
for η = −1 (the degenerate case |η| = 1 will be discussed later). As illustrated by Fig. 4 , for η < 0, resonances can be satisfied for very large frequency components, ω 3,4 ≫ ω 1,2 , a feature which contrasts with the usual case η > 0 where the generated frequencies are of the same order as the incident ones, ω 3,4 ∼ ω 1,2 . Note that this can easily be foreseen from an immediate inspection of the analytical expressions (16-17) when η → −1. This simple observation anticipates the possibility of a dramatic spectral broadening of the waves with opposite dispersion coefficients. , z = 3000 (gray), z = 4000 (red); (b) in 10 log 10 −scale z = 0 (dashed dark), z = 4000 (red). As described by Eqs. (19-20) , the spectrum experiences a nonlocal nonlinear diffusion on its initial support and tends to relax toward a homogeneous distribution (i.e., nu(ω) ∼const on the support of the initial spectrum).
E. Local invariants and nonlocal nonlinear diffusion
We comment here on the existence of local invariants revealed by the reduced form of the KE Eqs. (10) (11) (12) (13) (14) (15) . It is important to remind that such invariants are 'local' in the sense that they are verified for each frequency ω individually. In this respect, they differ from integral invariants, whose existence leads to a generalized form of the Rayleigh-Jeans spectrum [60] .
Local invariants were identified in relation with degenerate resonances in Refs. [22, 60, 62] . For instance, for |η| = 1 the phase-matching conditions discussed above exhibit the degenerate solution (ω 3 = ω 1 , ω 4 = ω 2 ). More specifically, for |η| = 1, Eqs.(10-15) admit the local invariant:
with ∂ z J(ω) = 0 for any frequency ω. In the case η = 1, the sum of the two spectra is conserved. Clearly, this constitutes a severe constraint that inhibits a significant spectral broadening of the waves. In the opposite case η = −1, the difference between the two spectra is conserved, so that the waves may exhibit in principle a process of unconstrained spectral broadening, since the broadening of u and v can compensate each other so as to preserve the invariant J(ω). However, the system does not exhibit the unconstrained spectral broadening discussed above through Figs. 1-2 . This can be anticipated by the degenerate form of the resonances discussed here above, or by a more detailed analysis of the kinetic equations. Indeed, if the initial conditions are such that n v (ω, 0) = n u (ω, 0), then n u (ω, z) satisfies
where we have assumed that the spectra are even functions. This equation shows that there is no significant spectral broadening, because n u (ω, z) appears as a factor of the right-hand side. In addition, Eq.(19) reveals an important effect: The term between the square brackets describes a nonlinear and nonlocal diffusion of the spectra. This becomes apparent by writing this term in the form (20) where the first dominant term denotes a second derivative in the spatial frequency, while the second term denotes the square of a first derivative, which also describes a broadening of the spectrum. Therefore, if the initial conditions exhibit a compactly supported spectral shape, then the spectrum effectively diffuses and tends to become uniform (flat) within this compact domain. This effect of nonlocal nonlinear diffusion in frequency space is illustrated in Fig. 6 , which shows that the broadening of the spectrum n u (ω, z) solely occurs on its initial supportthere is no generation of new frequency components as described by the degenerate form of the resonant conditions, ω 3,4 = ω 1,2 for η = −1. This general behavior can be extended to the case where the initial spectra are not identical. In this case, the evolution of n v is deduced from n u by n v (ω, z) = n u (ω, z) − J(ω), while n u (ω, z) satisfies
As in the previous case, this form of the kinetic equation indicates that spectral broadening can only occur on the support of the initial spectrum. Moreover, we can notice that, while the last term keeps a memory of the initial condition, the first two terms on the right-hand side of (21) are of the same form as (20) and thus also describe a nonlinear and nonlocal diffusion of the spectra. Accordingly, the spectra n ϕ (ω) tend to become homogeneous during their evolutions outside the initial support of J(ω).
V. SELF-SIMILAR KINETIC SOLUTIONS
Our aim in this section is to describe some general properties of the process of unconstrained spectral broad- ening discussed above through Figs. 1-3 . We have shown that this process occurs very far from equilibrium. Accordingly, we now consider nonequilibrium self-similar solutions of the kinetic Eqs. (10-15) . Because of the conservation of the powers N u and N v , we look for a self-similar solution in the form
where Ψ ϕ is a normalized profile satisfying Ψ ϕ (s)ds = N ϕ for ϕ = u, v. By substitution into the kinetic equations we find that the spectral width of the waves Ω(z) and the spectral profiles Ψ u , Ψ v should satisfy
,
for some constant K 0 , and
It is interesting to note that Eq. (23) provides the self-similar behavior of the process of spectral broadening of the waves:
This square-root power-law behavior has been confirmed by the numerical simulations of the KE as well as VNLS equations, as reported in Fig. 5 . An immediate consequence of (26) is that the kinetic energies of the two waves grow linearly with the propagation length z:
for ϕ = u, v. More precisely, Eqs. (24-25) impose
, that is the total kinetic energy is conserved ω 2 n u (ω, z)dω + η ω 2 n v (ω, z)dω = const. This linear and opposite power-law behavior for the evolutions of the energies E u ∼ −E v ∼ z, has been also confirmed by the numerical simulations, as illustrated in Fig. 3(a-b) .
We finally remark that the analysis carried out in the case η = −1 through Eqs. (20) (21) predicts that the spectra exhibit strong nonlinear and nonlocal diffusions. In a similar way, for η close to −1, the spectra n ϕ (ω, z) tend to become homogeneous during the propagation, as a result of this process of effective diffusion in frequency space. Such a tendency appears to be consistent with the numerical simulations of the VNLS equation and KE reported in Fig. 1 , where we can notice that the spectra tend to become flat in the wake of the front of the spectrum that propagates with the velocity V (z) = ∂ z Ω(z) ∼ 1/ √ z. Note that this conclusion is consistent with the previous qualitative analysis of the Rayleigh-Jeans spectrum, see section IV B.
VI. UNCONSTRAINED SPECTRAL BROADENING FROM AN INITIAL COHERENT STATE
In the previous analysis we have studied the evolution of the system starting from an initial incoherent state characterized by a strong randomness of the waves, i.e., the weakly nonlinear regime |E ϕ | ≫ U at z = 0 for ϕ = u, v. In this way we have shown that the WT theory properly describes the system throughout its whole evolution. However, referring back to the soliton turbulence scenario, if the initial condition consists of a coherent state, then one would expect that in its long term evolution the system would self-organize into a large scale coherent soliton that remains immersed in a sea of small scale fluctuations [15, 16, 18, 82] . Our aim in this section is to see whether the phenomenon of unconstrained spectral broadening can occur even by considering a fully coherent state of the initial waves. We note that, by starting from a fully coherent state, the system evolves in the strong nonlinear regime of interaction (U |E ϕ |), which cannot be described by the WT theory. Actually, no systematic methods have been developed to describe a strongly nonlinear regime of random waves, whose study is the subject of a growing recent interest in different contexts, see e.g., [7, 9, 18-20, 22, 28, 63-71] .
A. Homogeneous initial condition
In analogy with the soliton turbulence scenario, we have first realized numerical simulations of the coupled VNLS Eq.(1-2) by considering an initial state composed of coherent homogeneous (continuous) waves, u(t, z = 0) = v(t, z = 0) = 1/ √ 2 plus a small random noise (the constant 1/ √ 2 is due to our normalization, N u +N v = 1). As illustrated in Fig. 7 , the system exhibits a modulational instability, whose nonlinear stage is characterized by a reversible transfer of power back to the homogeneous waves, thus leading to the well-known phenomenon of Fermi-Pasta-Ulam recurrence mediated by modulational instability [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] . We can observe in particular the formation of a train of soliton-like structures for the coupled (u, v) components. Since η < 0, such solitons are of a bright-dark form, as indicated by the intensity profiles of the waves at z = 28 in Fig. 7, see panel (c) . Specifically, the vector soliton consists of a bright (sech-type) v−component propagating in the anomalous dispersion regime, and a dark (tanh-type) u−component propagating in the normal dispersion regime [83] . Note that, contrary to the 'inverted' vector soliton solutions (brightdark solitons respectively in the normal-anomalous dispersion regimes) [84] [85] [86] , here the continuous wave background of the dark component is modulationally stable, since it evolves in the normal dispersion regime.
We can notice in Fig. 7(a-b) that the different solitons start to strongly interact with each other. Although their evolutions are rather robust during the propagation, the non-integrability of the system leads to a complex energy exchange among the solitons and the surrounding fluctuations. Solitons can collide, occasionally merge or deteriorate via random interactions, and each of these processes leads to the emission of energy and power to the incoherent wave component.
At this stage, the evolution of the system is apparently similar to that expected from the general scenario of soliton turbulence [9, [13] [14] [15] [16] [17] [18] [19] . However, owing to the negative dispersion coefficients (η < 0), in the subsequent evolution the system enters the process of unconstrained spectral broadening, in which the kinetic energies of the waves can increase freely, as confirmed by the linear and opposite evolutions of |E u,v | ∼ z in the simulations, see
Figs. 7(e) and (f). In these figures we also reported the nonlinear self-interaction energies, which tend to approach the corresponding values expected for Gaussian statistics U G ϕ = N 2 ϕ = 1/4. Note that the deviation from Gaussianity is larger for the v component that evolves in the anomalous dispersion ('focusing') regime, since we have for z large U v ≃ 0.35, while U u ≃ 0.25.
As a consequence of the free variation of the kinetic energies, the system evolves from the initial strongly nonlinear regime (|E ϕ | ≪ U ϕ for z 30), toward the weakly nonlinear regime (|E ϕ | ≫ U ϕ for z > 100). In particular, it is apparent in Fig. 7(e-f) that the variation of the kinetic energies is not constrained by the nonlinear energy, |∆E ϕ | ≫ |∆U ϕ |. In this way, the spectra of the waves continuously spread and the corresponding time correlations decrease during the propagation (see Figs. 7(d) ), so that there is some point at which the highly incoherent nature of the waves can no longer sustain a robust coherent soliton state. In other words, even by starting from an initial coherent state, the waves u and v slowly enter a highly incoherent (weakly nonlinear) regime, which eventually inhibits the generation of persistent and robust soliton states.
B. Solitonic initial condition
To complete our study we discuss the process of unconstrained spectral broadening by considering a solitonic initial condition. More precisely, we have considered as initial condition a pair of vector bright-dark solitons, whose analytical solutions were derived in Ref. [83] , in particular for κ < 1. As commented above, such solitons are of bright (sech-type) and dark (tanh-type) form for the v and u components, respectively (see Fig. 8 (cd) in black lines). Exploiting the Galilean invariance of the VNLS equation, we have imposed a velocity to the two solitons, so as to induce a collision between them. We have also added a small noise (of magnitude 10 −8 for the amplitudes) in the initial condition, which does not qualitatively alter the dynamics of the waves. The results of the numerical simulation are reported in Fig. 8 . In the first stage (z 25), the two solitons propagate against each other with a constant velocity and in an apparent stable fashion, see Fig. 8(e-f) . The solitons then exhibit an inelastic collision featured by the emission of some radiation, as expected for non-integrable systems. In this way, the system slowly enters the incoherent erratic regime discussed above, which is characterized by a monotonous and unconstrained spectral broadening of the waves. We remark in Fig. 8(e-f) that a trace of the soliton trajectories can still be identified in the spatio-temporal evolution, even for relatively large propagation lengths. This is due to the fact that the interaction between the two components u and v is not efficient in the case considered in Fig. 8 , because of the unbalanced amount of powers in the two wave components (N u /N v ≃ 0.084) that is imposed by the initial soli- tonic condition at z = 0. As a consequence, the nonlinear self-interaction energies are also strongly unbalanced, U u ≃ 0.5 and U v ≃ 0.006 (notice that the corresponding values for Gaussian statistics are U However, despite the fact that U v ≪ U u , we remark in Fig. 8(a-b) that the kinetic energies compensate each other E u ≃ −E v , and tend to follow a linear behavior with the propagation length z, as predicted by the kinetic wave theory for the process of unconstrained spectral broadening.
VII. DISCUSSION AND CONCLUSION
In summary, a simple analysis revealed that a wave system characterized by an unbounded linear energy is expected to exhibit a significant spectral broadening of the waves. We have illustrated this effect by considering the representative example of the VNLS model with opposite dispersion coefficients. We have shown that, as a general rule, the waves exhibit a virtually unlimited process of spectral broadening, in which the kinetic energy in one component can freely increase, since such an increase is balanced by an opposite reduction of energy in the other component, i.e., the increase of kinetic energy is no longer constrained by the reduction of nonlinear energy |∆E ϕ | ≫ |∆U ϕ | for ϕ = u, v. As a remarkable consequence, an increase of 'disorder' in the system does not require the generation of a coherent structure: At variance with the expected soliton turbulence scenario, the process of coherence degradation occurs unconditionally, even by considering an initial fully coherent state of the waves. This catastrophic process of spectral broadening is described in detail by nonequilibrium self-similar solutions of the wave turbulence kinetic equations. The analysis indicates that the spectra tend to evolve toward a homogeneous distribution (n u,v (ω) ≃ const) in the wake of a front that propagates in frequency space with a velocity that decreases algebraically during the propagation (∼ 1/ √ z). This conclusion is corroborated by the analysis of the Rayleigh-Jeans equilibrium distribution, which reveals that, in principle, for η < 0 the system is not constrained by the conservation of the energy E, so that the vanishing Lagrange multiplier (β = 0) leads to a constant equilibrium spectrum characterized by an equipartition of power ('particles'), instead of the expected energy equipartition. Note that such a homogeneous equilibrium spectrum is not, strictly speaking, a physical state. Its physical importance is its role as a statistical attractor that governs the relaxation process at physically relevant scales.
In order to motivate the realization of an experiment, we briefly comment its feasibility by using a highly birefringent optical fiber, in which the waves u and v refer to the linear orthogonal polarization components of the light beam. The effect of unconstrained spectral broadening imposes severe constraints on the dispersion properties of the waves. However, the dispersion properties and group-velocities can easily be tuned by exploiting the dispersion induced by the fiber waveguide. We report in Fig. 9 a possible realistic design of an optical fiber that exhibits the required dispersion characteristics. We consider a fiber with a germanium doped core of about 4.5 µm in diameter (see the refractive index profile in the inset of Fig. 9(a) ) surrounded by two borondoped stress rods (16 mol. %). The whole fiber cross section in shown in Fig. 9(b) . The corresponding firstand second-order dispersion characteristics are reported in panels (a) and (b), respectively. We note in particular that a wavelength λ 1 ≃ 1.27µm (generated e.g. by a bismuth-doped fiber laser) and λ 2 ≃ 1.55µm (generated e.g. by an erbium-doped fiber laser), propagate with the same group-velocity (no walk-off) and disperse with opposite second-order dispersion coefficients, with the ratio η ≃ −1.2. Also note that the dispersion curve reported in Fig. 9(b) is relatively flat, which allows one to neglect third-order dispersion effects in a first approximation. Accordingly, the first stage of propagation of the orthogonal polarization components in the fiber can be modelled by the VNLS Eq. (1-2) .
It is interesting to note that a somehow similar type of optical fiber system was proposed in Ref. [87] to study diametrically driven self-accelerating pulses propagating at opposite group-velocity dispersions. This effect of selfaccelerating pulses can be interpreted as an optical realization of a classical diametric drive, where a continuously propulsive effect is achieved by a combination of two fields having effective masses of opposite signs (η < 0). Indeed, considering a pair of particles with opposite masses, the gravity of the positive mass will attract the negative mass, while the negative one is repelled. If properly arranged, the two particles can exhibit an intriguing self-propulsion effect, also see [88] [89] [90] . In this respect, a statistical mechanics formulation of a system of particles with both positive and negative masses constitutes by itself a delicate problem. The general idea is that ensembles of positive and negative masses cannot coexist in a stable equilibrium state because of the underlying self-propulsion runaway motion [91] . In a loose sense, some properties of such a "catastrophic world" may appear similar to those of the catastrophic spectral broadening of random waves discussed in this work, an analogy that will be the subject of further studies. 
